PRIMITIVITY PRESERVING ENDOMORPHISMS OF FREE GROUPS 



DoNGHi Lee 



Abstract. An endomorphism (f> oi a free group is called primitivity preserving if (j) takes every primitive 
element to another primitive. In this paper we prove that every primitivity preserving endomorphism 
of a free group of a finite rank n > 3 is an automorphism. 



1. Introduction 

Let (j) be an endomorphism of a free group. Following [2] we call a primitivity preserving 
endomorphism if (p takes every primitive element to another primitive. 

Let Fn be the free group of a finite rank n on the set X = {xi, . . . , In [1, 5], Shpilrain asked 
whether every primitivity preserving endomorphism (j) of Fn is actually an automorphism, and this 
problem was solved in the affirmative for n = 2 by Ivanov [2] and Shpilrain [6]. Ivanov [2] also 
proved that the answer is positive for an arbitrary rank n > 3 under the additional assumption 
that (p{Fn) contains a primitive pair (i.e., a pair -(/^(xi), iIj{x2) for some "0 G AutF^). The purpose 
of this paper is to present a positive solution to this problem for rank n > 3 without Ivanov's extra 
assumption: 

Theorem. Let F^ be the free group of rank n > 3 on the set X = {xi, . . . , x^} and (j) a primitivity 
preserving endomorphism of F^ . Then cp is an automorphism of F^ . 

The proof of the Theorem is developed in a series of several steps. In Steps A-C, the following 
result of McCool [4] (also see [3]) plays a crucial role: 
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2 DONGHI LEE 

Lemma [4]. Let F„ he a free group of a finite rank n and G AutFn, and let U E be such that 
\\ip{U)\\ < \\U\\. Then there exist Whitehead automorphisms ai, ... ,ar of Fn such that ip = ar ■■■ ai 
with \\ai ■ ■ ■ ai(U)\\ < \\U\\ for 1 < i < r. 

Here, by we mean the length of a reduced word equal in F^ to X which is denoted by X, 
whereas |X| denotes the length of X (e.g., ||xia;^^|| = and |a;i2:j^^| = 2). Recall that a Whitehead 
automorphism uj of F„ is an automorphism of one of the following two types (see [2, 7]): 

(Wl) uj permutes elements in X"^^. 

(W2) u is defined by a set 5 C and a letter a € with a G 5 and ^ S in such a way 
that if a; G then (a) uj{x) = x provided x = a^^; (b) a;(x) = xa provided x a, x E S 

and x~^ ^ (S; (c) lj{x) = a~^xa provided both x, x~^ G S; (d) a;(x) = x provided both 
X, x~^ ^ S. 

If LJ is of type (W2), then we write u = Lo{S,a). It is obvious that ai in the statement of the 
lemma above is of type (W2). 

Combining the conclusions of Steps A-C enables us to immediately obtain the conclusion of 
Step D. 

In Steps E-F, we use, as our main tool, the Whitehead graphs ^{Y) and (Y) of a reduced 
non-cyclic word Y e Fn- The standard Whitehead graph ^{Y) is constructed as follows: Take 
the vertex set as 2)=*=^ = {letters occurring in Y}"^^, and connect two vertices a, b 2)=*=^ by a 
non-oriented edge if there is a subword ab~^ or ba~^ of (non-cyclic) Y. We let C{a,Y) denote the 
connected component of ^{Y) containing a vertex a G ^{Y). 

In a similar way, we construct the graph ^^iiY), introduced by Ivanov [2], paying special at- 
tention to powers of Xi in Y as follows: Take the vertex set as 2)^^ \ {xf^}, and connect two 
distinct vertices a, 6 G 2)=*=^ \ {xf^} by a non-oriented edge if (non-cyclic) Y contains a subword of 
the form axfb'^ or bxfa'^ for some £. We will refer to this graph as the generalized Whitehead 
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graph of {Y,Xi). By Cxi{a,Y) we denote the connected component of (P^;. (y) containing a vertex 

The idea and the techniques used in [2] are developed further in the present paper. 

2. Proof of the Theorem 

Thanks to Ivanov's result, it suffices to show that (0(a;i), ^(^2)) is a free factor of rank 2 of F„. 
Since (p{xi) is primitive in we can assume ^(xi) = xi. Consider the elements 4'{x2), (pi^s)- Let 
us define W as a word in F„ that has the minimum length over all words of the form Pi a(^(f){x2)) P2, 
where Pi,P2 € {xi), a G AutF„ and a{xi) = xi. We may assume that 4'{xs) has the minimum 
length over all words of the form 

(1) QiP{4>{xs))Q2, 

where Qi, Q2 e (xi), /? G AutF„, ^{xi) = xi, and, for some Si, S2 G {xi), \\SiP{W)S2\\ = \W\. 

Let 7 G AutF„ be used in assuming ^(xa) in (1). For such 7, there exist Ti, T2 € {xi) such 
that ||ri7(l^)r2|| = \W\. By writing X = Y we mean the graphical equality (letter-by-letter) of 
words X, Y ^ Fn (whereas X = Y means the equality of X, Y in Fn). We then may assume that 
(t){x2) = Tij{W)T2. Now put 

U = ^(^2) and V = (j){xs). 

If \U\ = 1, then the assertion is obvious. Supposing \U\ > 1, we shall derive a contradiction. 
If \V\ = 1, then a contradiction follows immediately; for if \V\ = 1 then {V = 4>{x3), xi = ^(xi)) 
would be a free factor of rank 2 of F„, hence by Ivanov's result, ^ would be an automorphism, but 
then \U\ would have to be 1. So let \V\ > 1. 

Similar arguments to those in [2, Lemmas 1-3] show the existence of the Whitehead automor- 
phisms 7i = ^i{Tli,Xi^), 72 = ^2(J^2,xY^) such that 

(2) ^^(U) = Ux]:^ and -f2iU) = xiU. 
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This, in particular, implies that U is a cyclically reduced word; for otherwise the last letter of 71 (U) 
being x^^ would force the first letter of 7i(C/) to be xi, contrary to 71 = Uxi^. So the word 

Wi = {Uxiyu^xivxiu-^ix^'^uy 

which we consider in Step A is reduced. 

For y G X"^^, Ty denotes the inner automorphism of F„ induced by y, i.e., Ty{x) = yxy~^ for 
all a; G X, while iTy denotes an endomorphism of F„ such that = 1 and %(a;) = x for all 

xGX±i\{?/±1}. 

Step A. Consider the word 

= {Uxiyu^xivxiu-^{x-^''uy, 

where r, s are integers with s > |y| + 6|C/| + 10, r > |y| + (2s + 6)|f7| +4s + 8. Since ^ is primitivity 
preserving, the word Wi is primitive in F„. Then by the Lemma stated in the Introduction, there 
is a Whitehead automorphism uji of F„ such that 

(3) ||^^i(W^i)|| < \Wi\. 

Clearly wi has form iyV2) , so let u)i = ui {Si , a) . 
Claim 1. ti;i(xi) = xi. 

Proof of Claim 1. If ui{xi) = Xia ov a~^xi, then there are r new occurrences of a in Xj^, hence we 
have (for details of the following computation, see [2, p. 95]): 

(4) > s\U\ + s{\x\\ + r) + + {\x\\ +r) + \V\ + {\x\\ +r) + 3|C/| 

+ + r) + s\U\ - {2\V\ + 2(2s + 6)|C/| + 2(4s + 8)} 

> \Wi\, 

by the choice of r, contradicting (3). 
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Now let u!i{xi) = a~^xia. Then 

= \\{u}i{U)a-^xlayui{Ufa-^x[auJi{V)a-^x[au;i{U)-^{a-^x^''auJiiU)y\\. 

Case (i): wi(C/) neither begins with nor ends with a. By the choice of U, we have ||a;i(J7)|| > 
\U\ — 1; for if ||a;i(L'")|| < \U\ — 2, then the automorphism TaUJi of F„ fixes xi and ||raa;i([/")|| < \U\, 
contradicting the choice of U; besides, if = \U\ — 2, then since \auJi{U)a~^\ = \U\, the 

word au}i{U)a~^ also has Whitehead automorphisms of F„ with property (2), but this contradicts 
the fact that the word aoJi{U)a~^ is not cyclically reduced. Hence we have 

\\{u;i{U)a-^xlaY\\ > \{Uxiy\ + s and \\{a-^x^''aiOi{U)Y\\ > \{x^''Uy\ + s; 

thus 

(5) > {\{Uxiy\ + s} + 3\U\ + |a;^| + \V\ + \x{\ + 3\U\ + + s} 

- {2\V\ + 12\U\ +20} 

> \w,\, 

by the choice of s, contradicting (3). 

Case (ii): uJi{U) begins with but does not end with a, say, uJi{U) = a~^U' (note that 
U' cannot begin with x^^). By the choice of U, \U'\ > \U\ — 1; for if \U'\ < \U\ — 1 then the 
automorphism TaO;! fixes xi and ||raa;i([/")|| = |C/'a~^| < \U\, contrary to the choice of [/". Moreover, 
if \U'\ > \U\ - 1, then \\{coi{U)a-^xlay\\ > \{Uxiy\+s and \\{a-^x^'^aLOi{U))' \\ > \{x^''Uy\ + s; 
hence as in (5), we will get a contradiction to (3). So let \U'\ = \U\ — 1. Then the automorphism 
TaUJi of Fn fixcs Xi and ||rati;i(C/)|| = \U\. Hence by the choice of V, ||Taa;i(y)|| > \V\, i.e., 
||aa;i(F)a~^|| > \V\. But then, from the following observation 

(6) ||t^i(W^i)|| = \\u;i{{Ux{yU^x{)\\ + \\aiJi(y)a-^\\ + \\ui{x[U-^{xi''Uy)\\ -2 

> ||a;i {{Ux[yU^x{) \\ + \V\ + \\u;i (xiC/-3(a;r'^C/)^) || - 2, 
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we have ||a;i(Wi)|| > |Wi|, contrary to (3), because 

\\uJi{{Ux{yU^x{)\\ = \\{a-^U'a-^x{ay{a-^U'fa-^xla\\ 

= \{UxiyU^x{\ + {2s + 2) - {2(s - 1) + 2} 

= \{UxiyU^xl\ + 2, 

\\ui{x{U-^{x^''Uy)\\ = \\a-^x{a{U'~\y{a-^x^''aa-^U'y\\ 
= IxlU-^ix^'^Uyi + (2 + 2s) - (2 + 2s) 

= ixiu-^ix^'^uyi. 



Case (iii): 0^1(^7) ends with a but does not begin with a~^, say, lo-\_{U) = U'a (note that U' 
cannot end with xf^). The same reason as above enables us to assume I?/'! = — 1. We then 
have: 

\\LOi{{Ux',yU^xl)\\ = \\{U'aa-^x{ay{U'aya-^xla\\ 

= \{UxiyU^xl\ + (2s + 2) - (2s + 2) 
= \{Uxiyu'xl\; 

\\u;i{x{U-^{x^'^Uy)\\ = \\a-^x{a{a-^U'~^y{a-^x^''aU'ay\\ 

= \xlU-'{x^'Vy\ + (2 + 2s) - {2 + 2(s - 1)} 

= \x{U-^{x^''Uy\ + 2. 
Then reasoning as above, we reach a contradiction to (3). 



Case (iv): u;i{U) both begins with a ^ and ends with a, say, u;i{U) = a ^U'a (note that U' is 
cychcally reduced and can neither begin nor end with xf^). By the choice of C/, \U'\ > \U\. However, 
if |C/'| > \U\ then || (u;i(C/)a-ia;[a)'|| > \{U x^y \ + s and || (a-ix^''au;i(C/))'|| > |(a;pC/)*| + s, so 
as in (5), we will arrive at a contradiction to (3). So let |C/'| = |[/"|. Then we have: 

\\ui{{UxiyU^x[)\\ = \a-^{U'x{yU'^x[a\ 

= \{Ux{yU^x{\ + 2; 
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\\LOi{x{U-^{x^'^Uy)\\ = \a-^xlU'~^ix^''Uya\ 

= \x{U-^{x^'^Uy\ + 2. 

Moreover, by the choice oiV, ||au;i(y)a~^ || > \V\. It then follows from (6) that ||a;i(VFi)|| > \Wi\, 
contradicting (3). This completes the proof of Claim 1. □ 

By Claim 1 together with the choice of U, we have ||a;i(L'")|| > \U\. 

Claim 2. ||a;i(?7)|| = \U\. 

Proof of Claim 2. By way of contradiction, suppose that ||a;i([/")|| > \U\. If ||(a;i(C/)a;]^)*|| + 
II (xj~''ti;i(?7))*|| > \{Ux\Y\ + \{x^'^UY\ + 2s, then as in (5), we will have a contradiction to (3). In 
order to avoid this contradiction, uJi(U) must have one of the forms U'xf^, xf^U' or xf^U'x'f^, 
where \U'\ = \U\ and U' neither begins nor ends with xf"^; in any case, || > |F| + 1 by 



the choice of V together with the fact that there can be at most one cancellation in xiLUi{V)xi. 
Now observe: 

(7) \\oJi{Wi)\\ = \\u,{{Ux{yU^x{)\\ + \\x,uj,{V)x,\\ + \\u,{x{U-^{x^'^Uy)\\ - 2 

> \\uji{{Ux{yu^xi)\\ + \v\ + \\cji{xiu-^{x^''uy)\\ - 1. 



Case (i): ui{U) = U'xi with \U'\ = \U\; then 

\\Loi{{ux[yu^x[)\\ = \\iu'xix[y{u'xiyx[\\ 

= \{UxiyU^xl\ + {s + 3), 

iiwi(x^f/-3(xr[/)^)ii = \\x{{x]:^u'~y{x^'^u'xiy\\ 

= IxlU-^ix-'^Uyi + (3 + s) - {2 + 2(s - 1)} 
= {xlU-^ix^'^Uyi - (s-3), 
which yields by (7) that ||a;i(VFi)|| > |I^i|, contradicting (3). 
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Case (ii): 0Ji{U) = U'x^' with \U'\ = \U\; then 

\\uj^{iUxirU^xl)\\ = WiU'x^'xinU'x^^xlW 

= \{UxiyU^xl\ + (s + 3) - (2s + 2) 
= \{Ux{rU^xl\-{s-l), 

\\ui{x{u-^x^'^uy)\\ = \\x{{xiu'~y{x^'^u'x]:^y\\ 

= |x^C/-3(a;rC/)1 + (3 + s); 
thus ||a;i(Wi)|| > \Wi\ by (7), contradicting (3) as well. 



Case (iii): cuiiU) = xiU' with \U'\ = \U\; then 

\\ui{{Ux{ru'x{)\\ = \\{x,U'x{r{xiU'fx[\\ 
= \{UxlYU^xl\ + {s + S), 

\\uj,{xlU-'{xrur)\\ = WxliU'-'x^'fix^xiU'rW 

= \xlU-^ix^''Uy\ + (3 + s) - 2s 

= \xlU-^{x^''Uy\ - (s-3); 
hence ||a;i(VFi)|| > \Wi\ again by (7), contradicting (3). 



Case (iv): uJi{U) = x^'U' with \U'\ = \U\; then 



\ui{{ux{yu^xi)\\ = \\{x^'u'x\y{x^'u'yxi\\ 

= liUxiyu'^xll + (s + 3) - {2(s - 1) + 2} 
= \{Ux{yU^x{\-{s-3), 

\\uJi{x[U-^ix^''Uy)\\ = ||x[([/'"^xi)3(xrxr^C/')1l 

= {xlU-^ix^'^Uyi + (3 + s) - 2 
= IxlU-^x^'^Uyi + is + l); 
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thus ||a;i(Wi)|| > \Wi\ by (7), contrary to (3). 



Case (v): loi{U) = xiU'x^^ with \U'\ = \U\; then 

\\ui{{Ux{yU^x{)\\ = \\{xiU'x^'x{y{xiU'x^'fx{\\ 

= \{UxiyU^xl\ + (2s + 6) - (2s + 4 + 2) 

= \{ux{yu'xi\, 

\\coi{x{U-^ix^'^Uy)\\ = \\xlixiU'~^x^^y{x^'^xiU'x^y\\ 

= {xlU-^ix^'^Uyi + (6 + 2s) - (4 + 2s) 

= \x{U-^{x]:''Uy\ + 2; 
hence ||a;i(VFi)|| > by (7), contradicting (3). 



Case (vi): iOi{U) = x^'U'xi with \U'\ = \U\] then 

||u;i((i7xD^C/M)ll = \\{x^^U'x^x\y{x^^U'x^fx\\\ 

= \{Ux[yu'^x[\ + (2s + 6) - {2(s - 1) + 2 + 4} 
= \{UxiyU^xl\ + 2, 

\\ui{xlU-^{x^''Uy)\\ = \\xl{x^^U'~\iy{x^''x^^U'xiy\\ 

= [xlU-^ix^'^Uyi + (6 + 2s) - {2 + 4 + 2 + 2(s - 1)} 

= {xlU-^ix^'^Uyi; 
thus (7) imphes that ||a;i(Wi)|| > contrary to (3). 

The proof of Claim 2 is complete. □ 



Then by the choice of U, uJi{U) neither begins nor ends with xf^; besides, uJi{U) has Whitehead 



automorphisms with property (2), implying that u;i{U) is cyclically reduced. Also, by the choice of 
V, ||a;i(F)|| > \V\. In particular, if loi{V) either begins or ends with xf^, then ||a;i(y)|| > |F| + 1; 



if coi (V) both begins and ends with xf^, then ||u;i(F)|| > |F| + 2 
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Now, since ||a;i(Wi)|| < |Wi|, there must be cancellations in the product xiLOi{V)xi in order 
that ||a;ia;i(F)xi|| < IxiFxil- This is possible only when either 0Ji{V) = Vix^^ or 0Ji{V) = x^^Vi, 
where l^il = \V\. Hence, as our conclusion of Step A, we have the following two possibilities: 

(Al) = xi, U^ = Ui, U^=Vix^^- 

(A2) = xi, uJi{U) = Ui, ZJJV) = x^Wi, 

where \Ui\ = \U\ and |Vi| = \V\. 

If (Al) occurs, then the word VU is reduced; for otherwise the last letter of loi{V) being x^^ 
would force the first letter of iOi{U) to be xi. Then in the next step, consider the reduced word 

W2 = {u-^x]:yu-''^x[vu^x]:''{ux]:y, 

where r, s are integers with s > |y| + 6\U\ + 10, r > \V\ + (2s + 6)\U\ + 4s + 8. 

On the other hand, if (A2) occurs, then the word UV is reduced; then in the next step, consider 
the reduced word 

= {x^''uyx^''u^vx{u-^{x^''u-y, 

where r, s are integers with s > |y| + 6|?7| + 10, r > \V\ + (2s + 6)\U\ + 4s + 8. 
Step B. Suppose that (Al) occurs. We consider the word 

W2 = {u-^x]:yu-^xivu^x]:''{ux]:y, 

where r, s are integers with s > |y| + 6|C/| + 10, r> |y| + (2s + 6)|J7| +4s + 8. Since is primitivity 
preserving, the word W2 is primitive in F„; so by the Lemma, there is a Whitehead automorphism 
u)2 = L02 {S2 , b) of Fn such that 

(7) ll'-'2(W2)|| < IW2I. 
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Claim 3. uJ2{xi) = xi. 

Proof of Claim 3. For the same reason as in (4), u!2{xi) cannot be of the form xib or b~^xi. So let 

'^2(3^1) = b~^xib. We have 

||C^2(W^2)|| = \\{u2{U)-^b-^X^'-byU2{U)-^-^x{bi02{V)i02{U)H-^X^''b{i02iU)b-^X]:'-by\\. 

Case (i): lo2{U) neither begins with b~^ nor ends with b. Then by the same argument as with 
Wi of this case, we arrive at a contradiction to (7). 

Case (ii): UJ2{U) begins with b~^ but does not end with b, say, lo2{U) =b~^U' {U' cannot begin 
with xf^). Reasoning in the same way as with Wi of this case enables us to assume \U'\ = \U\ — 1. 
Then ||6a;2(^) = ||Tba;2(V^)|| > by the choice of V; moreover 

\\uj2{{u-^x:['-yu-^xi)\\ = \\{U'~hb-^x^''by{U'~hfb-^x{b\\ 

= \{U-^x^yU-^xl\ + (2s + 2) - (2s + 2) 

= \{u-'xrru-'xi\, 

\\uj2{U^x^''{Ux^y)\\ = \\{b-^U'fb-^x^''b{b-^U'b-^x^''by\\ 

= {U^x^'^iUx^yi + (2 + 2s) - {2 + 2(s - 1)} 

= |?7V^(C/xr)1 + 2. 
It then follows from an observation similar to (6) that ||w2(W2)|| > \W2\, contradicting (7). 

Case (iii): UJ2{U) ends with b but does not begin with b~^, say, UJ2{U) = U'b {U' cannot 

end with x^^). In this case as well, we may assume \U'\ = \U\ — 1. Then by the choice of V, 

11^2(1^)11 > \V\ - 2. In particular, if cj^(v7 begins with 6"^ then ||u;2(F)|| > ||TbW2(V^)|| > \V\. So 

||6a;2(^)|| > \V\ — 1. Since all cancellations in 0^2(^2) have the form b^^b"^^ — > 1, there can be no 

cancellation in uj2{y)U'b. In addition, we have 

\\u2{{u-^xi'yu-^x\)\\ = \\{b-^u'~^b-^x:[''by{b-^u'~^fb-^x\b\\ 

= \{U-^x^yU-^x\\ + (2s + 2) - {2(s - 1) + 2} 

= \{u-^xiyu-^xi\ + 2, 
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\\u2{u^x]:''{ux^y)\\ = \\{u'bfb-\^''b{u'bb-^x^''by\\ 

= \U^x^'^{Ux^'^y\ + (2 + 2s) - (2 + 2s) 

Therefore, 

\\U2{W2)\\ = \\u2{{U-'xryU-'xl)\\ + \\buj2{V)\\ + \\u;2iU'xr{Uxry)\\ - 1 

> \\u2{{u-'xryu-^xi)\\ + \v\ + \\u2{u^xr{uxry)\\ - 2 

> \W2\, 

contradicting (7). 



Case (iv): uj2{U) both begins with b~^ and ends with b, say, ol>2{U) = b~^U'b {U' is cychcally 
reduced and can neither begin nor end with xf^). As with Wi of this case, we arrive at a contra- 
diction to (7). This completes the proof of Claim 3. □ 

Now, Claim 3 together with the choice of U implies ||a;2(C^)|| > \U\. 

Claim 4. \\i02{U)\\ = \U\. 

Proof of Claim 4- By way of contradiction, suppose that ||u;2(?7)|| > \U\. Reasoning in the same 
way as with Wi, lo2{U) must have one of the forms U'xf^, xf^U' or xf^U'x^^, where \U'\ = \U\ 
and U' neither begins nor ends with xf^; in any case, we see from the choice of V that 

(8) \\u^2{W2)\\ > \\u;2{{U-'xryU-'x[)\\ + \V\ + \\u;2{U'xriUxry)\\ - 2. 



Case (i): U2{U) = U'xi with \U'\ = \U\; then 

\\u2{{u-'xryu-^xi)\\ = wixi^u'-^ryixi^u'-'fxiw 

= {{u-^x^yu-'^xii + is + s), 

\\u2{u^xriuxry)\\ = m'x^fxnu'x^xryw 

= \U^xnUxry\ + (3 + s) - (2 + 2s) 

= i?7V(f^^r)'i - !)• 
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This yields by (8) that ||a;2(W"2)|| > |W^2|, contradicting (7). 
Case (ii): u^^iU) = U'x^^ with \U'\ = \U[, then 

\\u2{{u-^xryu-''x^^\\ = \\{x^u'-\mx^u'-yx\\\ 

= \{U-^x^^YU-^x\\ + (s + 3) - {2{s - 1) + 2} 

= i([/-ixrrc^"'^ii-(^-3), 
\\u2{u\riuxi''r)\\ = uu'x^'fxriu'xi^xrrw 

= |i73xr(C/a;r)1 + (3 + s). 
Again by (8) ||a;2(W2)|| > \W2\, contradicting (7). 
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Case (iii): iU2iU) = xiU' with \U'\ = \U\] then 

\\u2{{u-^x^''yu-^x\)\\ = \\{u'-\i\rYiu'-\^'fx\\\ 

= \{u-^x^''yu-''xi\ + {s + z)-2 
= \{u-^xi'^yu-''x\\ + {s + i), 

\\u2{u^x^'-{jjx^y)\\ = ||(xiC/OV(^i^^'^r)'ll 

= \U^x^'-{Ux^'-y\ + (3 + s) - {2 + 2{s - 1)} 

= ic/V(t^^r)i-(^-3), 

which yields by (8) that ||a;2(W2)|| > |W^2|, contrary to (7). 



Case (iv): UJ2{U) = x^^U' with \U'\ = |C/|; then 

\\u2{{u-^xi-'yu-^x\)\\ = \\{u'-\^x^-'y{u'-\^fx\\\ 

= \{U-'xin'U-''x{\ + (s + 3) - 2s, 
= \{U-'xryU-'xl\-{s-3), 

\\u;2{u^xr{uxry)\\ = ux^'wyxnx^'u'xryw 

= |J7V(f^^r)'l + (3 + s); 
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thus by (8) ||a;2(W^2)|| > |W^2|, contrary to (7). 

Case (v): uj^iU) = xiU'x^^ with \U'\ = \U\; then 

||a;2((C/-^xr)'t/"M)ll = KxiU'-'x^'x^'^yixiU'-'x^'fxlW 

= \{U-'x^yU-''x{\ + (2s + 6) - {2{s - 1) + 2 + 4 + 2} 

= \{u-^x]:''yu-^x{\, 

\\uj2{U^x^'^{Ux^y)\\ = WixiU'x^^fx^'^ixiU'x^'^x^yW 

= {U'^x^'-iUx^yi + (6 + 2s) - {4 + 2 + 2(s - 1)} 

= \U^xr{Uxry\+2; 
hence (8) imphes that ||a;2(W2)|| > \W2\, contrary to (7). 
Case (vi): w^(!7) = x^^U'xi with \U'\ = \U\; then 

\\uj2{{U-'x^'^yU-^xl)\\ = Wix^'U'-'xix^Yix^'U'-'xifxlW 

= \{U-'xryU-^x[\ + (2s + 6) - (2s + 4) 

= \{u-'x^''yu-^x{\ + 2, 
\\u2{u^xr{uxry)\\ = Wix^^u'xifx^ix^'u'xixryw 

= \U^Xi''{Uxi''y\ + (6 + 2s) - (4 + 2 + 2s) 

= \u^xr{Uxry\; 

thus ||a;2(W2)|| > IW2I by (8), contradicting (7). 

The proof of Claim 4 is complete. □ 

Then ijJ2{U) is cyclically reduced and neither begins nor ends with xf^. Since ||w2(VF2)|| < \W2\, 
there must be cancellations in the product xiUJ2{y) U2{U) in order that ||xic<;2(^) '^^2(^^)11 < |a;iy?7|. 
Here, since lo2{U) does not begin with x^^ , there is precisely one cancellation in the product 
xiL02{V) L02{U). If the cancellation occurs in the product xiL02{V), then the only possibility is 
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LJ2{V) = x^^V2, where = on the other hand, if the cancellation occurs in the product 
u!2{V)u!2{U), then the only possibility is that u;2{V) = V^a and U!2{U) = a~^Us, where |F| — 1 < 
|V^3|<|V^|, pal = \U\ - 1 Sind a ^ xf\ 

Similarly repeating Step B for W2 if (A2) occurs, we conclude that either u}2{V) = V-^x^^ or 
^(V7 = 6-IT/3', where ||a;^(VF2)ll < l"^^2l > l^il = l"^l> - 1 < l"^3l < and b is the last letter 
of 0)3 (C/)- Consequently Step B gives us the following four possibilities: 



(Bl) (Al), 


LJ2{xi) 


= Xi, 


CV2iU) 


^U2, 


0J2{V) 




(B2) (Al), 


L02{xi) 


= Xl, 




= a-^Us, 




= Vaa; 


(B3) (A2), 


UJ2{xi) 


= Xl, 




= u^, 


U'2{V) 


= ^2^; 


(B4) (A2), 


U>'2{xi) 


= Xl, 






^2{V) 





where \U2\ = IC/2I = \U\ , \V2\ = \V^\ = \V\ , ps] = IC/3I = - 1 , |F| - 1 < IF3I, ["^s I < l^^^l and 
a, b ^ xf^. 

If (Bl) occurs, then the word UV is reduced; so the word UVU is reduced, since the word VU 
is already reduced by (Al). Also, if (B3) occurs, then the word VU is reduced; so the word UVU 
is reduced by (A2). Hence if (Bl) or (B3) occurs, then in the next step, consider the reduced word 

W3 = {xiuyxiu^vu^x]:''{u-^xiy, 

where r, s are integers with s > |F| + 6|i7| + 10, r > \V\ + (2s + 6)|;7| + 4s + 8. 
Step C. Suppose that either (Bl) or (B3) occurs. We consider the word 

W3 = {x{uyxiu^vu^x^''{u-^x{y, 

where r, s are integers with s > |y| + 6|J7| + 10, r > \V\ + (2s + 6)|C/| + 4s + 8. The word W3 is 
primitive in ; so by the Lemma, there is a Whitehead automorphism 0^3 = UJ3 {S3 , c) of such 
that 

(9) ||a;3(H^3)|| < mi 
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Claim 5. u}s{xi) = xi. 

Proof of Claim 5. For the same reason as in (4), us{xi) cannot be of tlie form xic or c~^xi. Then 

let i03{xi) = c~^x\c. We have 

11^3(^3)11 = ||(c-ix[ca;3(i7))'c-ixica;3(C/f a;3(F)a;3([/)Vixrc(a;3(C/)-'c-ix^c)l. 

Case (i): uJz{U) neither begins with nor ends with c; then by the same argument as with 
Wi of this case, we get a contradiction to (9). 

Case (ii): oj^iU) begins with but does not end with c, say, 0Jz{U) = c~^U' {W cannot begin 
with xf^). Reasoning in the same way as with Wi of this case, we may assume \U'\ = \U\ — 1. 
Then by the choice of V, ||a;3(F)|| > |F| - 2. In particular, if a;3(F) ends with c, then ||a;3(y)|| > 
||tc'^3(^)|| > \V\. So ||a;3(y)c~^ II > \V\ — 1. Since there can be no cancellation in c~^U'i03{V), we 
have: 

(10) \MWs)\\ = \\iV3{ixlUrx[U^)\\ + ||w3(y)c-i|| + \\u;3{U'xr{U-^x[y)\\ - 1 

> \\u;s{ix{Uyx[U')\\ + |y| + \\u;s{U'xr{U-'x{y)\\-2. 

Here, we see: 

\\L03{{x{Uyx{U^)\\ = \\{c-^x{cc-^U'yc-^x{c{c-^U'y\\ 
= \{x{UyxlU^\ + (2s + 2) - (2s + 2) 

= \{xiuyx\u% 

ll'^3(?^V(?^"'a;D')ll = \\{c-^U'fc-'x]:'^c{U'~\c-^x{cy\\ 

= \U^Xi''{U-^xiy\ + (2 + 2s) - 2s 

= \u^x]:''{u-^x\y\ + 2, 

yielding ||tc;3(W3)|| > IW3I by (10), contrary to (9). 
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Case (iii): 0Jz{U) ends with c but does not begin with c~^, say, 0Jz{U) = U'c {W cannot end 
with xf^). In this case as well, we may assume \U'\ = \U\ — 1. As above, ||cci;3(F)|| > — 1 and 
there can be no cancellation in lo3{V)U'c. Moreover, we have: 

\\uj3{{xlUyx[U^)\\ = \\{c-^x[cU'cyc-^x{ciU'cf\\ 

= \{xlUyx{U''\ + {2s + 2) - {2{s - 1) + 2} 
= \{x{Uyx{U^\ + 2, 

lk3(c/V(c^"'a;D')ll = Wiu'cfc-^x^'^cic-^w^c-'xicyw 

= \U^xnU-'x{y\ + (2 + 2s) - {2 + 2 + 2{s - 1)} 

= p'^x-'^iU-^xiyi; 
so that 1 1^*^3(^3)11 > iWs] by an observation similar to (10), contradicting (9). 

Case (iv): W3(C/) both begins with and ends with c, say, lo3{U) = c~^U'c {U' is cyclically 
reduced and can neither begin nor end with xf^). Then as with Wi of this case, we reach a 
contradiction to (9). This completes the proof of Claim 5. □ 

Claim 5 implies by the choice of U that ||a;3(C/)|| > \U\. 

Claim 6. \\uj3{U)\\ = \U\. 

Proof of Claim 6. Suppose on the contrary that ||a;3(C/)|| > \U\. Reasoning as with Wi, 0J3{U) 
must have one of the forms U'x"^^ , xf^U' or xf^U'xf^, where \U'\ = \U\ and U' neither begins 
nor ends with xf^; in any case, it follows from the choice of V that 

(11) ||a;3(t^3)|| > \\u;3{ix{UyxlU^)\\ + \V\ + \\u;3{U^x^^ {U-^xiy)\\ - 2. 

Case (i): u^=U'xi with \U'\ = \U\; then 

\\u;3{{xlUyx\U^)\\ = \\{xlU'x^yx\{U'x,y\\ 

= \{xlUyx[U^\ + {s + 3), 
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\\u;s{U^xr{U-'xir)\\ = \\{U'x,fxr{x^'U'-\{r\\ 

= \U^x:[^{U-'x\y\ + {3 + s)-{2 + 2(s - 

= lU^x^'^iU-'xlYl - (s-3). 
This yields by (11) that ||u;3(W^3)|| > l^sl, contradicting (9). 

Case (ii): l^U) = U'x^^ with \U'\ = \U\; then 

\\u3{{xiuyx{u^)\\ = \\{x{u'xY''yxi{u'x]:^f\\ 

= lixlUyxlU^l + (s + 3) - {2{s - 1) + 2} 

= \{xlUyxlU'\-{s-3), 

\\u3{u'xr(.u-'x{y)\\ = \\{u'x^'yxr{xiu'-\{y\\ 

= [U^Xi'^iU-^xiyi + (3 + s) - 2 

= \U^xnU-^x\y\ + {s + l); 
hence ||tt'3(M^3)|| > IW^I by (11), contradicting (9) as well. 



Case (iii): lo3{U) = xiU' with \U'\ = \U\; then 

||a;3((x^C/)^x^C/=^)|| = \\{xlxrU'yxl{x,U'y\\ 
= \{xlUyxlU^\ + {s + 3), 

\\u;s{U^xriU-'x[y)\\ = \\{x,U'fxriU'~'x^'xiy\\ 

= {U^x^'^iU-^xiyi + (3 + s) - 2s 

= \u'xr{u-'x{y\-{s-3), 

which implies by (11) that ||a;3(W3)|| > {Wsl contrary to (9). 
Case (iv): = x^'^U' with \U'\ = \U\; then 

\\u^s{ix{uyxiu')\\ = wixix^'u'yxiix^'u'fW 

= \{xlUyxlU^\ + (s + 3) - (2s + 2) 

= \{x{uyx{u'\-{s-i), 
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\\u3{u^xriu-'xiy)\\ = wix^'u'fxnu'-'xixirw 

= \U^x:[^{U-'x\y\ + i3 + sy, 
thus by (11) ||a;3(W3)|| > IW3I, contrary to (9). 



Case (v): uaiU) = xiU'x^^ with \U'\ = \U\- then 

\\u^{{x\Uyx\U^)\\ = \\{x\x^U'x^yx\{x^U'x^y\\ 

= \{x{Uyx{U'^\ + (2s + 6) - {2(s - 1) + 2 + 4} 
= \{xlUyx[U^\ + 2, 

\\ujs{u'xr{u-'x{y)\\ = \\{x^u'x^yxr{x,u'-'x^'x{y\\ 

= \U^x]:''{U-^xiy\ + (6 + 2s) - (4 + 2 + 2s) 

= \U^xr{U-'xiy\; 
hence by (11) ||a;3(W^3)|| > iWs], contrary to (9). 



Case (vi): coaiU) = x^^U'xi with \U'\ = \U\; then 

\\u^{{x\Uyx\U'')\\ = \\{xlx^^U'x^yxl{x^^U'x^f\\ 

= \{x\Uyx\U^\ + (2s + 6) - (2s + 2 + 4) 

= \{x\uyx\u% 

\\u^{U^xl'{U-^xiy)\\ = \\{x^'U'x,yx^^{x^'U'-'x,x{y\\ 

= lU^x^'^iU-'xiyi + (6 + 2s) - {4 + 2 + 2(s - 1)} 

= |C/V(f^"'^D'l + 2; 

thus (11) imphes that ||a;3(VF3)|| > IVF3I, contradicting (9). 

The proof of Claim 6 is complete. □ 



Then co^iU) is cyclically reduced and neither begins nor ends with xf^ Since ||a;3(W"3)|| < l^^sl, 



there must be cancellations in the product uJs{U) UJ3{V) UJ3{U) so that \\uj3{U) UJ3{V) UJ3{U)\\ < 
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|i7F[/"|. Here, since ijJ^{U) is cyclically reduced, there is exactly one cancellation in the product 



u:i{U) uj^iy) Ui{U). If the cancellation occurs in the product W3(C/) 0Ji{V), then the only possibility 



is that uJz{U) = U^c and usiV) = c'^V^, where \U^\ = \U\ - 1 , \V\ - 1 < IF4I < \V\ and 
c 7^ xf^; while if the cancellation occurs in the product lo3{V) lo3{U) , then the only possibility is 



that usiU) = d-^Ui and uj3{V) = V^d, where \Ui\ = \U\-1, 1^1 - 1 < \Vl\ < \V\ and d^xf^. 
Consequently, Step C provides us with the following four possibilities: 



Xl, 




= U4C, 


LOsiV) 


= C" V4 


Xl, 


L03{U) 


= d-^Ul 




= Vid; 


Xl, 




= UiC, 




= C" V4 


Xl, 




= d-^Ui, 




= vid. 



where p^l = |;7^| = |C/| - 1 , |y| - 1 < IV4I, iV^il < and c, d ^ xf^. 

Step D. Combining the results of Steps A, B and C proves the existence of a pair (a = a{V, Xi^), (3 
(3{Q,e)) or (a' = a'{V',xi), (3' = P'{Q',e')) of Whitehead automorphisms of F„ such that 



(Dl) a{xi) = Xl, a{U) = U5, a{V) = V5X^\ 



P{xi) = xi, W) = e-^U^, J(y) = VQe; 
{Ti2) a'{xi)=xi, ^^ = U^, ^^ = x^W^, 
P'ixi)=xi, J{U) = U'^e', J^) = e'-Wi 

where \U^\ = = \U\ , \V^\ = \Vl\ = \V\ , \U^\ = \%\ = |?7| - 1 , |y| - 1 < l^el, l^^e I < 1^1 and 
e, e' ^xf^. 

Step E. Let us write indices as follows: = U,Vr = V, ay = a, ay = a', and 



Us = ariUr) and Vs = a'r{Vr)xi provided (Dl) occurs for U, V; 



f/g = a'-^{U7) and Vg = xia'-^{V7) provided (D2) occurs for U, V. 
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It is easy to see that the words Ug and Vs have the same properties as U and V do, respectively; 
hence there exists a pair (agj/^s) or (ag,/3g) of Whitehead automorphisms of F„ that correspond 
to (Dl) or (D2), respectively, relative to the words Us and Vg. Then let us put 

Ug = as{Us) and Vg = Q;8(V8)a;i provided (Dl) occurs for Ug, Vs; 

Ug = a's{Us) and Vg = xiQ;g(V^) provided (D2) occurs for Us, Vs- 
Continue this process until we get the sequences 

QfT, as, . . . , a/ and (J/y, Fy), (C/g, Vg), . . . , (C/;, V/), 

where otj = aj or a'- and / > 6 + (2ra)l^l+l^l. We then notice that there is a repetition in the second 
sequence, say, 

(Uk^Vk,) = iUk,,Vk,) 

with ki <k2- 

Put a{k2,ki) = Q;fe2_iafe2-2 • ■ -afei; then 

(12) a{k2M){xi) = xu oc{k2M){Uk,) = Uk, and aik^MWk,) = x^'^'Vk.x-"'^ 

where mi, m2 > and mi + m2 = A;2 — fci- If mi = 0, then (12) implies that there is a Whitehead 
automorphism 8i = 5i{Vi,x^^) such that 5i(?7fci) = ^^fci and ^i(^fei) = Vk^x'^^\ if m2 = 0, 
then again by (12), there is a Whitehead automorphism 82 = S2{V2,xi) such that S2{Uk.^) = Uk^ 
and 62{Vki) = x^^Vk^^. Now let both mi, m2 ^ 0. In view of (12), there exist two Whitehead 
automorphisms d[ = S[{V[,Xi^) and S2 = S2{V2,xi) such that S'2S[{Ukj^) = Uk^ and S2d[{Vk^) = 
x^^Vkj^x^^ . Here, we may assume V[r\V2 = 0- It then follows that 5^(J7fcJ = Uk^^, ^2{Uki) = Uk-^, 
5i(T4j = Vk-^Xi^ and 52(Vfei) = x^^Vk-^. Hence, if the words Uk^ and Vk^ have a pair (afei,/?fei) of 
Whitehead automorphisms of type (Dl), then we may assume that is such that 

aki{xi)=xi, ak^{Uk^) = Uk^ and ajt, (V^J = Vfo^a;];^; 
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if the words Uk^ and Vit^ have a pair (q!^^,/3)^J of Whitehead automorphisms of type (D2), then we 
may assume that a'^^ is such that 

afci(^i) = afci(t^fci) = Uk^ and 0^^(14,) = xJ"Vfci- 

Since = ^xi{Uki) and <?xi(^) = ^xi(^fei)) where is the generahzed Whitehead 

graph of {Y,xi), we can finally assume that in (Dl), 

a{xi) = xi, a{U) = U and a{V) = Vx]^^, 

and that in (D2), 

a'(xi) = xu a'{U) = U and a{V) = x^W. 

Consequently, Step E enables us to refine upon the result of Step D as follows: There exists a pair 

(a = a{V,x]^^), (3 = P{Q,e)^ or (a' = a'{V',xi), (5' = f3'{Q',e'fj of Whitehead automorphisms of 
Fn such that 

(El) a(a;i) = xi, a(JJ) = U, a{y) = Vx^^, 

I3{xi)=xi, p(U) = e-'Ue, W)^Vee; 
(E2) a'(xi) =xi, a'{U) = U, a'{V) = x^W, 

P'{x,)=x,, 'W{U) = U'^e', 'W^) = e'-^Vl, 
where \U(i\ = |;7^| = |i7| - 1 , |y| - 1 < \Vq\, \V^\ < \V\ and e, e' / xf^. 

Step F. Suppose that the words U and V have a pair (a, /3) of Whitehead automorphisms of type 
(El) (the case (E2) is similar). Let y and z be the first and the last letter of the word U, respectively. 
Recall that (3 = P{Q,e) with e 7^ xf^. Obviously both xi, x^^ ^ Q, because I3{xi) = xi. Then let 
us define 

Ti = {6 e Q n <?([/) I there exists a path p^ = h- of length > in ^{U) 

that connects b with and does not pass through xf^}; 

T2 = [Qn0iU)] \ Ti, 
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where #(C/) is the standard Whitehead graph of U. 
Consider the Whitehead automorphisms 

?7i = r?i(Ti U {e}, e) and r?2 = ?72(^ U {e}, e). 

If e ^ 7^, then it is not hard to see that > \U\. It then follows from the observation 

(13) |C/| = ||/3(C/)|| = ||r?i(C/)|| + ||r,2(C/)||-|[/| 

that ||r72(t^)|| < \U\., contrary to the choice of U (note r]2{xi) = xi because xf^ Q Q)- So the 
vertex e has to be inside Ti, i.e., 

e G Ti. 

Claim 7. = 0. 

Proof of Claim 7. Suppose on the contrary that T2 ^ Then since e G 7i, i.e., e ^ T2, \\il2{U)\\ > 
\U\. Here, if \\ri2{U)\\ > \U\, then \\m{U)\\ < \U\ by (13). This contradicts the choice of U. Hence 
11^72(^^)11 = \U\] this can happen only when 

T2= (j C,{f,U) and z^T2, 

where Ce(/, U) is the connected component of ^e{U) containing /. 

Here, assume that Ce{f,U) 7^ C{f,U) for some / G T2, where C{f,U) is the connected com- 
ponent of ^{U) containing /. This is possible only when e or G C{f,U). If e G C{f,U), 
then there exists a path r/ = / — e of length > in ^(U) which connects / with e. Since 
xf^ ^ Ce{f, U) QT2 Q Q, the path r/ does not pass through xf^. But then, since e G 7i, such a 
vertex / must belong to Ti, contrary to / G 72- Hence we must have e ^ C{f, U) and G C(/, U). 
This implies that Ce{f,U) contains at least one of the adjacent vertices of e in ^{U), say, g. Of 
course g 7^ xf^, because xf^ ^ Ce{f,U) Q T2 C Q. But then, by the definition of 71, we have 
g eTi, which contradicts g & Ce{f,U) C. T2. So it is proved that 

C,if,U) = C{f,U) for ah /GTa. 
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Now choose an arbitrary C{f,U) = Ce{f,U) which is contained in 7^. Assume that there is 
a vertex, say, b, in C{f,U) such that b G C{f,U) but fe"^ ^ C{f,U). Then for the Whitehead 
automorphism 

s = e{C{f,U), b), 

we have e(xi) = xi, because xf^ ^ C{f,U) C 7^ C Q. Furthermore, we see from y~^, z ^ 
C{f,U) C 7^ that ||£([/")|| = ||7r6([/")|| < \U\ (recall that tt^ removes all b^^'s). This contradicts the 
choice of U. Thus if 6 G C{f, U), then also has to occur in C(/, U), which forces us to have 
C{f,U) = ^(U), so that e G C{f,U), contrary to e ^ C^{f,U) = C{f,U). This completes the 
proof of Claim 7. □ 

Now, let V be the last letter of the word V. We consider two cases. 

Case I. v^^ occurs only once (at the end) in the word V. 

Put V = V'tv. If v^^ ^ ^{U), then the Whitehead automorphism 

c = a{v-\t},t) 

fixes xi and U, but ||C(^)|| = \Vv\ = \V\ — 1. This contradicts the choice of V. So v"^^ must 
occur in ^{U). Besides, it follows from l3{V) = V^e that v € Q; hence v G Qn^{U). Since 72 = 0, 
G 7^. This implies that G Ca;^ {v, U), contrary to the existence of a Whitehead automorphism 
a having the properties in (El). Case I is complete. 

Case II. v'^^ occurs more than once in the word V. 

Let us define 

Ci = {de Qn ^(V) I there exists a path = d - v oi length > in ^{V) 

that connects d with v and does not pass through xf^}; 

£2 = [Qn0{V)] \ A. 
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If e G £i, then clearly e G C^^ {v, V). Also, it follows from e G 71 that G C^^ (e, U). Combining 
these facts gives us a contradiction to the existence of a Whitehead automorphism a with the 
properties in (El); this contradiction enables us to have 

e ^ A- 

Recall that P{V) = Vee. We treat two subcases separately. 
Case II.l. Ve 7^ V. 

Consider the Whitehead automorphisms 

pi = pi{CiU {e}, e) and p2 = P2('C2 U {e}, e). 
Since e ^ £1 and Vq / y, we see that ||pi(V^)|| > \V\ + 2. It then follows from the observation 

\V\ + l>mV)\\ = \\p,iV)\\ + \\p,{V)\\-\V\ 
that 11^2(^)11 < 1^1- Here, assume that £1 n0{U) = 0, and consider the Whitehead automorphism 

a = a{Ti U £2, e). 

Since £1 fl #([/) = 0, £1 n (Ti U £2) = 0. Also since T2 = 0, Q n ^(C/) = Ti C Ti U £2. Thus we 
have a{U) = P{U) and a{V) = p2{V), so that ||cr(f/)|| = \U\ and ||a(F)|| < contrary to the 
choice of V (note a{xi) = xi because xf^ ^ ^ U £2 C Q). So we must have £1 fl ^{U) 7^ 0, say, 
/i G £1 n ^{U) = £1 n 7i. But then we have h G Ca;j (f , V) and G Ca;^ {h, U), contradicting the 
existence of a Whitehead automorphism a having the properties in (El). Case II.l is complete. 

Case II.2. Ve = V. 

This can happen only when 

(14) Qn^iv)= U c,ik,v). 

fceQn<p(y) 

It then follows that Ce{v, V) QQn ${V), because v € Qn 0{V). 
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Case II.2.1. C^iv, V) n #([/) 7^ . 

In this case, we have from Q ^{U) = Ti that Ce{v, V)nTij^ 0. If Ce{v, V) = C{v, V), then 
since xf^ ^ Ceiv,V) C Q, we have Ceiv,V) = C{v,V) = C^^{v,V), so that C^^{v,V)r\Ti / 0. 
But this yields a contradiction to the existence of a Whitehead automorphism a with the properties 
in (El). Thus, 

C,{v,V)^C{v,V). 

It then follows that e or € C{v,V). If e G C{v,V), then there exists a path = e — v ol 
length > in ^{V) which connects e with v. Since xf^ ^ Ce{v, V) C Q, the path gg does not pass 
through x^^ . But then, by the definition of £1, e G £1, contrary to e ^ £1. Hence, we must have 

(15) e^C{v,V) and e-^eC{v,V). 
Define 

}Ci = Ce{v,V) n Ci and }C2 = Ce{v,V) n C2. 

In order to avoid a contradiction to the properties of a in (El), we must have /Ci flTl C £1 flTl = 0. 
Here, consider the Whitehead automorphisms 

m = milCiU {e}, e), //2 = ^2(^2 U {e}, e) and //a = //s ((£1 U £2 U Ti) \ /Ci, e) . 

In view of (15) and the definition of /Ci, we see that ||mi(^)|| > |^| + 2; hence it follows from the 
observation 

(16) 1^1 + 1 = \Ve\ = ||/xi(y)|| + \\^^2iV)\\ - \v\ 

that ||At2(l^)|| < Since /Ci n Ti = 0, we have Q D #([/) = Ti C [(£1 U £2 U Ti) \ /Ci] C Q; thus 
fJ-aiU) = P{U). Also, in view of (14) and the definitions of /Ci and IC2, we can observe that /X3(F) = 
^2(1^), contrary to the choice of V (note fJ,3{xi) = xi because xf^^ [(£1 U £2 U 71) \ /Ci] C Q). 
Case II. 2.1 is complete. 
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Case II.2.2. Ce{v,V)r\^{U) = and Ce{v,V) = C{v,V). 

Let u be the first letter of the word V. Then 

^c{v,v) = Ceiv,vy, 

for if G C{v, V) then it would follow from a;^^ ^ C{v, V) = Ce{v, V) C Q that u'^ G C{v, V) = 
Cxi{v,V), contradicting a{V) = Vx^^ in (El). 

If C{v, V) has a vertex of degree 1 that is different from v, say, w, then the Whitehead automor- 
phism 

i/i = i'i{{w,c}, c), 

where c is the adjacent vertex of w in ^{V) (here c cannot be u)~^), fixes xi and C/ (because 
u; ^ ^(C/) by the hypothesis of this case). But ||z^i(T^)|| < — 1 < \V\. This contradicts the choice 
of V, so every vertex in C{v, V) different from v must have degree at least 2. This means that if 
k e C{v, V) then the sum of occurrences of k and k~^ in V must be at least two. 

Now assume that there is a vertex, say, d, in C{v, V) such that d E C{v,V) but d~^ ^ C{v,V). 
Then since xf^ ^ C(f , F) = Ce{v, V) C Q, for the Whitehead automorphism 

i^2 = MC{v,V), d), 

we have 1^2(2^1) = xi. Also since C{v,V) D <P{U) = Ce{v,V) n <P{U) = by the hypothesis of 
this case, U2{U) = U. Furthermore, we see that if d v then 112^2(^^)11 = ||7rd(T^)c?|| (recall that 
^ C{v,V)); whereas if d = v then ||i^2(^)|| = IKd(^)ll- Since d"^^ occurs at least twice in V, 
\\'^diV)\\ < \V\-2; hence ||i^2(l^)|| < \V\. This contradicts the choice of F. Thus if c? G C{v,V), then 
d~^ also has to occur in C{v,V). This yields that C{v,V) = ^{V), contradicting ^ C{v,V). 
This completes Case II.2.2. 

Case II.2.3. Ce(^^,V")n^(C/) = and C^{v,V) C{v,V). 
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Since Ce{v, V) ^ C{v, V), we have, for the same reason as in obtaining (15), that 

(17) e^C{v,V) and e-^eC{v,V). 

Define 

Mi = Ceiv,V)nCi and M2 = Ceiv,V) n C2, 
and consider the Whitehead automorphisms 

ei =ei(^i U{e}, e) and 6 = 6(-M2 U {e}, e). 

By (17) and the definition of Mi, we see that ||^i(V^)|| > + 2. Then it follows from an 
observation similar to (16) that ||^2(^)|| < \V\. Also, since xf^ ^ M.2 Q Ce{v,V) C Q and 
M2 n ^{U) C Ce{v,V) n ^{U) = by the hypothesis of this case, we have ^2(2^1) = xi and 
^2{U) = U. A contradiction to the choice of V completes Case II. 2. 3. 

The proof of the Theorem is now completed. □ 
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